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Abstract. The paper presents a new deductive rule for verifying response properties under the assumption of compassion (strong fairness) requirements. It improves on previous rules in that the premises of the new rule are all first order. We
prove that the rule is sound, and present a constructive completeness proof for the
case of finite-state systems. For the general case, we present a sketch of a relative
completeness proof. We report about the implementation of the rule in PVS and
illustrate its application on some simple but non-trivial examples.

1 Introduction
An important component of the formal model of reactive systems is a set of fairness
requirements. As suggested by Lamport [13], these should come in two flavors: weak
fairness (to which we refer as justice requirements) and strong fairness (to which we
refer as compassion). Originally, these two distinct notions of fairness were formulated
in terms of enableness and the activation of transitions within a computation, as follows:
• The requirement that transition τ is just implies that if τ is continuously enabled
from a certain position on, then it is taken (activated) infinitely many times.
An equivalent formulation is that every computation should contain infinitely many
positions at which τ is disabled or has just been taken.
• The requirement that transition τ is compassionate implies that if τ is enabled
infinitely many times in a computation σ, then it is taken infinitely many times.
Justice requirements are used in order to guarantee that, in a parallel composition of
processes, no process is neglected forever from a certain point on. Compassion, which
is a more stringent requirement, is often associated with coordination statements such as
semaphore request y (equivalently lock y) operations or message passing instructions. It
implies fair arbitration in the allocation of an atomic resource among several competing
processes.
In a more abstract setting, a justice requirement is associated with an assertion (firstorder state formula) J, while a compassion requirement is associated with a pair of
assertions hp, qi. With these identifications, the requirements are:
• A computation σ is just with respect to the requirement J, if σ contains infinitely
many occurrences of states that satisfy J.
• A computation σ is compassionate with respect to the requirement hp, qi, if either
σ contains only finitely many p-positions or σ contains infinitely many q-positions.
⋆
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To see that these definitions are indeed generalizations of the transition-oriented definition, we observe that the requirement that transition τ be just can be expressed by
the abstract justice requirement Jτ = (¬En(τ ) ∨ Taken(τ )), while the requirement that
transition τ be compassionate can be expressed by the abstract compassion requirement
Cτ = hEn(τ ), Taken(τ )i. In these assertions, En(τ ) is true at all states on which τ is
enabled. Similarly, Taken(τ ) is true at all states that can result by taking transition τ .
An important observation is that justice is a special case of compassion. This is
because the justice requirement J can also be expressed as the degenerate compassion
requirement h1, Ji, where we write 1 to denote the assertion True which holds at every
state. In view of this observation, one may raise the natural question of the necessity of
keeping these two separate notions of fairness.
Several answers can be given to this question. On the modeling level, the argument is that these two notions represent different phenomena. Justice represents the
natural independence of parallel processes in a multi-processing system. Compassion
is typically used to provide an abstract representation of queues and priorities which are
installed by the operating system in order to guarantee fairness in coordination services
provided to parallel processes. There is also a different cost associated with the implementation of these two notions. In a multi-processor system, justice comes for free and
is a result of the independent progress of parallel processes. In a multi-programming
system, where concurrency is simulated by scheduling, justice can be implemented by
any scheduling scheme that gives each process a fair chance to progress, such as roundrobin scheduling. Compassion, in both types of systems, is usually implemented by
maintenance of queues and use of priorities.
There is also a proof-theoretic answer to this question which is based on the fact that,
up to now, all the proposed deductive rules for proving properties under the assumption
of compassion were significantly more complex than the rule under the assumption of
justice alone. The main claim of this paper is this need not necessarily be the case, and
there exist deductive rules for verification in which the price of compassion is comparable to that of justice.
1.1 The Legacy Recursive Rule
In the way of a background, we present rule F - WELL which is derived from the proof
rule presented in [15] and is representative of the different prices traditionally associated
with the distinct notions of fairness. It is modified in order to represent the transition
from the computational model of fair transition systems (used in [15]) to that of fair
discrete systems (FDS) which we use here. The rule is presented in Fig. 1.
The FDS (D\{hpi , qi i}) is obtained by removing from D the compassion requirement hpi , qi i. Thus, (D\{hpi , qi i}) has one compassion requirement less than D.
The rule considers a system (FDS) which has both justice requirements (J ) and
compassion requirements (C). It establishes for this system the temporal property p =⇒
1
q claiming that every p-state is followed by a q-state. The rule relies on “helpful”
fairness requirements F1 , . . . , Fn which may be either justice or compassion requirements. Premise W3 imposes different conditions on each fairness requirement Fi according to whether Fi is a compassion or a justice requirement.

Rule F - WELL
For a well-founded domain A : (W, ≻),
assertions p, q, ϕ1 , . . . , ϕn ,
fairness requirements F1 , . . . , Fn ∈ J ∪ C,
and ranking functions ∆1 , . . . , ∆n where each ∆i : Σ 7→ W
W
W1.
p
=⇒ q ∨ n
j=1 ϕj
For each i = 1, . . . , n,

W
n
′
′
W2. ϕi ∧ ρ
=⇒ q ′ ∨ (ϕ′i ∧ ∆i = ∆′i ) ∨
j=1 (ϕj ∧ ∆i ≻ ∆j )
W3. If Fi = hpi , qi i ∈ C then
C3.
ϕi
=⇒ ¬qi

C4. (D\{hpi , qi i}) |= (ϕi =⇒ 1 (pi ∨ ¬ϕi )
Otherwise (Fi = Ji ∈ J ),
J3.
ϕi
=⇒ ¬Ji

D |= (p =⇒ 1 q
Fig. 1. Legacy (recursive) rule F - WELL

Consider first the special case in which all the helpful requirements are justice requirements. In this case, we only invoke premise J3 as an instance of W3. For such a
case, the rule provides a real reduction by establishing a temporal property, based on
premises which are all first-order.
On the other hand, if some of the helpful requirements are compassionate, then some
of the premises will include instances of C3 and C4. In this case, some of the premises
are temporal and have a syntactic form similar to the of the conclusion. In such a case,
one may ask whether this is not a circular rule in which the premises are not necessarily
simpler than the conclusion. As observed above, the rule is not really circular because
the premise C4 requires the establishment of a similar temporal property but over a
system with fewer compassion requirements. So while the methodology is still sound, it
appears cumbersome and its application often requires explicit induction on the number
of compassion requirements in the analyzed system.
This explanation serves to illustrate that the application of this rule is significantly
more complex and cumbersome in the case that we have compassion requirements, and
the situation is mush simpler if all the fairness requirements are of the justice type. We
refer to this phenomenon by saying that the application of this rule is recursive in the
presence of compassion requirements.
1.2 A New Flat Rule
The main result of this paper is based on a new deductive rule for response properties
which does not need any recursion in order to handle compassion requirements. The
rule, called R ESPONSE, is presented in Fig. 2.
For simplicity, we presented the rule for the case that the system contains only
compassion requirements but no justice requirements. This is not a serious restriction
since any original justice requirement J ∈ JD can be represented by an equivalent

Rule R ESPONSE
For a well-founded domain A : (W, ≻),
assertions p, q, ϕ1 , . . . , ϕn ,
compassion requirements hp1 , q1 i, . . . , hpn , qn i ∈ C,
and ranking functions ∆1 , . . . , ∆n where each ∆i : Σ 7→ W
W
R1.
p
=⇒ q ∨ n
j=1 (pj ∧ ϕj )
For each i = 1, . . . , n,
W
′
′
R2. pi ∧ ϕi ∧ ρ =⇒ q ′ ∨ n
j=1 (pj ∧ ϕj )
W
′
′
′
′
′
R3. ϕi ∧ ρ
=⇒ q ∨ (ϕi ∧ ∆i = ∆′i ) ∨ n
j=1 (pj ∧ ϕj ∧ ∆i ≻ ∆j )
R4.
ϕi
=⇒ ¬qi
p
=⇒ 1 q

Fig. 2. Deductive rule R ESPONSE

compassion requirement h1, Ji. Similarly to the previous version of this rule, the rule
relies on a set of premises guaranteeing that a computation which contains a p-state that
is not followed by a q-state leads to an infinite chain of descending ranks. Since the
ranks range over a well-founded domain A : (W, ≻), this leads to a contradiction.
In view of the simple form of the rule, it appears that, in many cases, the study
and analysis of fair discrete systems can concentrate on the treatment of compassion
requirements, and deal with justice requirements as a special case of a compassion
requirement. This does not imply that we suggest giving up the class of justice requirements altogether. For modeling and implementation of reactive systems, we should keep
these two classes of fairness requirements distinct. However, the main message of this
paper is that, when verifying temporal properties of FDS’s, the treatment of compassion requirements is conceptually not more complex than the treatment of justice requirements. Computationally, though, justice is simpler in the same way that checking
emptiness of generalized Büchi automata is simpler than checking emptiness of Street
automata.
The new rule has been implemented in the theorem prover PVS [18]. In fact, it
has been added as an additional rule (and associated strategy) within the PVS-based
temporal prover TLPVS [19]. In order to do so, we had to prove the soundness of the
R ESPONSE rule within PVS.
The rest of the paper is organized as follows. In Section 2 we introduce the computational model of fair discrete systems with its related notions of fairness. We then
illustrate the application of the new rule to three examples of increasing complexity in
Section 3. The soundness of the rule is stated and proved in Section 4. Section 5 discusses the question of completeness. For finite-state systems, we present a constructive
proof of completeness which can be used in order to obtain the auxiliary constructs
required for an application of the rule. For infinite-state systems, we sketch a proof
of completeness which is based on a reduction to the proof of completeness of rule
F - WELL , as presented in [15]. Finally, in Section 6 we discuss some related work.

2 The Computational Model
As a computational model, we take a fair discrete system (FDS) S = hV, Θ, ρ, J , Ci,
where
• V — A set of system variables. A state of S provides a type-consistent interpretation of the variables V . For a state s and a system variable v ∈ V , we denote by
s[v] the value assigned to v by the state s. Let Σ denote the set of all states over V .
• Θ — The initial condition: An assertion (state formula) characterizing the initial
states.
• ρ(V, V ′ ) — The transition relation: An assertion, relating the values V of the variables in state s ∈ Σ to the valuesVV ′ in an D-successor state s′ ∈ Σ. For a subset
U ⊆ V we define pres(U ) as v∈U (v ′ = v). We assume that the system can
always idle, that is, we assume that ρ has the disjunct pres(V ).
• J — A set of justice (weak fairness) requirements (assertions); A computation
must include infinitely many states satisfying each of the justice requirements.
• C — A set of compassion (strong fairness) requirements: Each compassion requirement is a pair hp, qi of state assertions; A computation should include either only
finitely many p-states, or infinitely many q-states.
For an assertion ψ, we say that s ∈ Σ is a ψ-state if s |= ψ. A computation of an FDS
S is an infinite sequence of states σ : s0 , s1 , s2 , ..., satisfying the requirements:
• Initiality: s0 is initial, i.e., s0 |= Θ.
• Consecution: For each ℓ = 0, 1, ..., state sℓ+1 is a D-successor of sℓ . I.e., hsℓ , sℓ+1 i |=
ρ(V, V ′ ) where, for each v ∈ V , we interpret v as sℓ [v] and v ′ as sℓ+1 [v].
• Justice — for every J ∈ J , σ contains infinitely many occurrences of J-states.
• Compassion: for every hp, qi ∈ C, either σ contains only finitely many occurrences
of p-states, or σ contains infinitely many occurrences of q-states.
A state s is called accessible if there exists a path of ρ-steps leading from some initial
state to s.
A system with no compassion requirements is called a just discrete system (JDS). A
system with no justice requirements is called a compassionate discrete system (CDS).
As previously observed, every FDS is equivalent to a CDS. Therefore, we do not lose
generality if we present the verification rule R ESPONSE for CDS’s.
As a specification language specifying properties of systems we use linear temporal
logic (LTL) as presented, for example in [16]. In particular, we are interested in response
formulas of the form p =⇒ 1 q (abbreviating 0 (p → 1 q)). This formula states that
every p-state is followed by a q-state. Given an FDS D and an LTL formula ϕ, we say
that ϕ is valid over D (is D-valid) if every computation of D satisfies ϕ.
Reconsider rule R ESPONSE as presented in Fig. 2. The rule assumes a well founded
domain A : (W, ≻). Such a domain consists of a non-empty set W and a partial order ≻
over W , such that there does not exists an infinite descending chain α0 ≻ α1 ≻ a2 ≻
· · · , of elements ai ∈ W . The rule establishes the validity of the response property
p =⇒ 1 q over a CDS D, where p and q are assertions (first-order state formulas).
In order to do so, the rule focuses on a list of (not necessarily disjoint) compassion

requirements hp1 , q1 i, . . . hpn , qn i ∈ C. With each compassion requirement hpi , qi i we
associate a helpful assertion ϕi and a ranking function ∆i : Σ 7→ W , mapping states
of D into elements of A.
One of the differences between the application of rule R ESPONSE and that of rule
F - WELL is that, in applications of F - WELL , the helpful assertions are typically disjoint. That is, every state satisfies at most one helpful assertion. In applications of rule
R ESPONSE there is typically an overlap among the helpful assertions. Typically, for a
compassion requirement hpi , qi i, where pi is not identically true, every state satisfying
ϕi ∧ ¬pi satisfies at least one more helpful assertion ϕj for j 6= i.

3 Examples of Verification
In this section we present three examples illustrating the application of rule R ESPONSE
to proofs of response properties of simple programs. In all cases we assume that the
programs are represented as CDS in which we encoded the justice requirements as degenerate compassion requirement of the form h1, Ji.

Example 1 (Conditional Termination).
Consider program COND - TERM presented in Fig. 3.

x, y : natural init x = 0 
ℓ1 : while
y > 0 do




ℓ
:
x
:= {0, 1}
2



ℓ3 : y := y + 1 − 2x 
ℓ4 :


Fig. 3. Conditionally Terminating Program COND - TERM

This program has three standard justice requirements J1 , . . . , J3 , associated with
the statements ℓ1 , . . . , ℓ3 . The justice requirement associated with ℓi is Ji : ¬at− ℓi
which requires that the program makes infinitely many visits to a location which is
different from ℓi , thus guaranteeing that execution does not get stuck at location ℓi .
Such a requirement is necessary in the context of concurrent programs. In addition to
these three justice requirements, we also append to the system the compassion requirement hat− ℓ3 ∧ x = 0, 0i, requiring that there will be only finitely many states satisfying at− ℓ3 ∧ x = 0. This implies that, from a certain point on, all visits to ℓ3 must
be with a positive value of x. Obviously, under these fairness requirements, program
COND - TERM must terminate.

To prove this fact, using rule R ESPONSE, we choose the following constructs for
n = 4, where Fi is the i’th compassion requirement appearing in the list:
i
Fi
ϕi
∆i
1
h1, ¬at− ℓ1 i
at− ℓ1
(1, y, 2)
2
h1, ¬at− ℓ2 i
at− ℓ2 ∧ y > 0
(1, y, 1)
3
h1, ¬at− ℓ3 i
at− ℓ3 ∧ y > 0 ∧ x = 1
(1, y, 0)
4 hat− ℓ3 ∧ x = 0, 0i at− ℓ1..3 ∧ y ≥ at− ℓ2,3 ∧ x ∈ {0, 1}
1
As assertions p and q we take at− ℓ1 and at− ℓ4 , respectively. The well-founded domain
is the domain of triples of natural numbers. The rank ∆4 : 1 is an abbreviation of the
triple (1, 0, 0). The application of this rule already demonstrates the phenomenon of
overlap among the helpful assertions. For example, every state satisfying ϕ4 satisfies
also ϕi for some i ∈ [1..3].
The validity of the premises of rule R ESPONSE for this choice has been verified
using the theorem prover PVS [18].
⊓
⊔
Next we consider the example of mutual exclusion by semaphores.
Example 2 (Muxsem).
Consider program MUX - SEM presented in Fig. 4.

n
i=1

local y : boolean init y = 1


loop

 forever do

ℓ : NonCritical 

  1
ℓ2 : request y 
P [i] :: 

 


  ℓ3 : Critical
ℓ4 : release y

Fig. 4. Mutual Exclusion by Semaphores. Program MUX - SEM

For this program we wish to prover the response property
at− ℓ2 [1] =⇒

1

at− ℓ3 [1]

To prove this property, using rule R ESPONSE, we choose the following constructs:
i
Fi
ϕi
1
hat− ℓ2 [1] ∧ y, at− ℓ3 [1]i
at− ℓ2 [1]
(3, j), j > 1
h1, ¬at− ℓ3 [j]i
at− ℓ2 [1] ∧ at− ℓ3 [j]
(4, j), j > 1
h1, ¬at− ℓ4 [j]i
at− ℓ2 [1] ∧ at− ℓ4 [j]

∆i
0
2
1

We also use the following auxiliary invariant:
ϕ:

y+

n
X

at− ℓ3,4 [i] = 1

i=1

⊓
⊔

Finally, we consider the example of dining philosophers.
Example 3 (Dining Philosophers).
Consider program MUX - SEM presented in Fig. 5.

local f : array [1..n] of boolean init f = 1



loop
loop
forever
do

 forever do





ℓ : NonCritical 
ℓ : NonCritical

  0
  0

  ℓ1 : request f [1] 

  ℓ1 : request f [i]





 
  ℓ2 : request f [n] 
ℓ2 : request f [i + 1] 
P [i] :: 



 k P [n] ::  
 




  ℓ3 : Critical
  ℓ3 : Critical





 

  ℓ4 : release f [1]  

ℓ4 : release f [i]
ℓ5 : release f [n]
ℓ5 : release f [i + 1]


n−1
i=1

Fig. 5. Dining Philosophers. Program DINE - PHIL

For this program we wish to prover the response property
at− ℓ1 [2] =⇒

1

at− ℓ3 [2]

which captures the property of accessibility for process P [2]. According to this property,
whenever P [2] exits its non-critical section ℓ0 , it will eventually enter its critical section
at location ℓ3 .
In order to enumerate the fairness requirements (as well as transitions) for this system we use the indexing scheme (j, k), where j : 1..n ranges over process indices, and
k : 0..5 ranges over locations. To prove this property, using rule R ESPONSE, we choose
the following constructs:
(j, k)
F(j,k)
ϕ(j,k)
∆(j,k)
(2, 2)
hat− ℓ2 [2] ∧ f [3], at− ℓ3 [2]i
at− ℓ2 [2]
0

Vj−1
(j : [3..n], k : [3..4])
h1, ¬at− ℓk [j]i
ℓ [i] ∧ at− ℓk [j] (0, j, 5 − k)
i=2 at
V−j 2
(j : [3..n − 1], 2) hat− ℓ2 [j] ∧ f [j + 1], at− ℓ3 [j]i
(0, j, 3)
at ℓ2 [i]

Vn−1 i=2 −
(n, 5)
h1, ¬at− ℓ5 [n]i
(0, n, 0)
i=2 at− ℓ2 [i] ∧ at− ℓ5 [n]
(2, 1)
hat− ℓ1 [2] ∧ f [2], at− ℓ2 [2]i
at− ℓ1 [2]
1
(1, k : [3..5])
h1, ¬at− ℓk [1]i
at− ℓ1 [2] ∧ at− ℓk [1]
(1, 1, 5 − k)
We also use the following auxiliary invariant:
Vn−2
i=1 (at− ℓ3..5 [i] + at− ℓ2..4 [i + 1] + f [i + 1] = 1) ∧
at− ℓ3..5 [n − 1] + at− ℓ3..5 [n] + f [n] = 1
∧
at− ℓ2..4 [1] + at− ℓ2..4 [n] + f [1] = 1
The validity of the premises of rule R ESPONSE for this choice has been verified
using the theorem prover PVS. In Appendix A of [21] we present the program in the
format accepted by TLPVS. Appendix B of [21] presents the TLPVS proof of accessibility according to the previously presented constructs.
⊓
⊔

It is interesting to compare the proof of accessibility for the Dining Philosophers
(program DINE - PHIL) to previous deductive proofs of the same property. Due to the
recursiveness of the previous rule, such proofs would necessarily be based on an explicit induction, proceeding from process P [n] down to lower indexed processes. Such
a proof is presented, for example, in [17]. In view of this, it is fair to say that the proof
presented here is the first mechanically assisted deductive proof of accessibility for program DINE - PHIL for arbitrary n > 1 number of processes.
Alternative formal proofs of this property can be given, based on various abstraction
methods. For example, the papers [12] and [9] show how to prove this property, using
the network invariant method of [28].

4 Soundness of the Rule
We will now prove the soundness of rule R ESPONSE for proving the response property
p =⇒ 1 q.
Claim 1. Rule R ESPONSE is sound. That is, if the premises of the rule are valid over an
CDS D, then so is the conclusion.
Proof
Assume, for a proof by contradiction, that the premises of the rule are valid but the conclusion is not. This means that there exists a computation σ : s0 , s1 , . . . and a position
j ≥ 0 such that sj |= p and no state sk , for k ≥ j satisfies q. With no loss of generality,
we can take j = 0.
According to premises R1 and R2 and the assumption that no state satisfies q, any
state sr satisfies pi ∧ ϕi for some i ∈ [1..n]. Since there are only finitely many different
i’s, there exists a cutoff index t ≥ 0 such that for every i and r ≥ t, sr |= pi ∧ ϕi iff σ
contains infinitely many (pi ∧ ϕi )-positions.
Consider position r1 = t. Choose i1 to be the index such that sr1 |= pi1 ∧ ϕi1 .
According to R3 and the assumption that σ contains no q-position, then either ϕi1 holds
at all positions r ≥ r1 , or there exists a position r2 ≥ r1 and an index i2 such that
sr2 |= pi2 ∧ ϕi2 and ∆i1 (sr1 ) ≻ ∆i2 (sr2 ). We will show that ϕi1 cannot hold at all
positions r ≥ r1 .
If ϕi1 holds continuously beyond r1 , then due to premise R4 so does ¬qi1 . This
violates the requirement of compassion hpi1 , qi1 i, since pi1 ∧ ϕi1 holding at r1 ≥ t
implies that pi1 ∧ ϕi1 (and therefore pi1 ) holds at infinitely many positions.
We conclude that there exists a position r2 ≥ r1 and an index i2 such that sr2 |=
pi2 ∧ ϕi2 and ∆i1 (sr1 ) ≻ ∆i2 (sr2 ).
We now repeat the argument previously applied to i1 in order to conclude the
existence of a position r3 ≥ r2 and an index i3 such that sr3 |= pi3 ∧ ϕi3 and
∆i2 (sr2 ) ≻ ∆i3 (sr3 ).
Continuing in this manner, we derive an infinite sequence such that
∆i1 (sr1 ) ≻ ∆i2 (sr2 ) ≻ ∆i3 (sr3 ) ≻ · · ·
which is impossible due to the well-foundedness of A.

We conclude that there cannot exist a computation σ violating the response property
p =⇒ 1 q if the premises of rule R ESPONSE are all valid.
This proof of soundness has been formalized and mechanically verified, using PVS.
In Appendix C of [21] we present the PVS theory of a variant of the rule. Appendix D
presents the proof of soundness of this variant.

5 Completeness of the Rule
In this section we consider the completeness of rule R ESPONSE. Completeness means
that, whenever a response property p =⇒ 1 q is valid over a CDS D, there exist auxiliary constructs consisting of a list of compassion requirements hp1 , q1 i, . . . , hpn , qn i
and associated lists of helpful assertions ϕ1 , . . . , ϕn and ranking functions ∆1 , . . . , ∆n
which, together, satisfy the premises of rule R ESPONSE.
5.1 Finite-State Systems
We consider first the case of finite-state systems. Here, we actually present an algorithm
that produces the auxiliary constructs for the case that the CDS D satisfies the response
property p =⇒ 1 q.
We assume that the reader is familiar with the rudiments of model checking. In
particular, we will be using the following formulas as representing elementary modelcheking computations:
• For assertions p and q, the formula E(p S q) captures the set of all states that are
reachable from a q-state by a (ρ-)path all of whose states, except possibly the first,
satisfy q. A special case is E Q q = E(1 S q) characterizing all states that are
reachable from a q-state.
• The formula E(p U q) captures the set of states which originate a path leading to a
q-state, such that all the states in the path, except possibly the last, satisfy p.
Model Checking Response Under Compassion Consider a finite-state CDS D and a
response property p =⇒ 1 q. The following algorithm can be used in order to model
check whether the response property is valid over D.
Algorithm mc resp(D, p, q)
Let X := E((¬q) S (accessible D ∧ p ∧ ¬q))
Fix(X)
Vn
Let X := X ∧ i=1 (¬pi ∨ E(X U (X ∧ qi )))
end-Fix(X)
if (X = 0) then return 1 else return 0
The algorithm contains several expressions using the model-checking formulas introduced above. The expression accessible D = E Q Θ captures the set of all accessible
states within CDS D. The expression E((¬q) S (accessible D ∧ p ∧ ¬q)) describes all

states which are reachable from an accessible p-state by a finite q-free path. Finally,
the expression E(X U (X ∧ qi )) describes all states from which there exists an X-path
within D leading to a qi -state.
Thus, the algorithm places in X the set of all states which are reachable from an
accessible p-state via a q-free path. Then it successively remove from X all pi -states
which do not initiate an X-path leading to a qi -state.
Finally, the property is D-valid iff the final value of X is empty.
Extracting the Auxiliary Constructs We will now present an algorithm which extracts a deductive proof according to rule R ESPONSE from a successful model checking
verification of a response property p =⇒ 1 q. The algorithm can be viewed as an
interleaving of algorithm mc resp interspersed with steps that incrementally construct
ranks {1, . . . , f } and, for each rank i ∈ [1..f ], identifies an associated compassion
requirement hpi , qi i, and a helpful assertion ϕi .
Algorithm Extract constructs
0 : Let X := E((¬q) S (accessible D ∧ p ∧ ¬q))
1 : Let d := 0
2 : fix(X)


3 : For
 i ∈ [1...n] do


4 : Let ψ := X ∧ ¬E(X U (X ∧ qi )) 


  5 : If ψ ∧ pi 6= 0 then

  

 

6 : Let d := d + 1
 

   7 : Let Kd := ψ ∧ pi

  

   8 : Let ϕd := E(ψ S (ψ ∧ pi ))   
  

   9 : Let Fd := (pi , qi )

  

   10 : Let ∆d := d

11 : Let X := X ∧ ¬Kd

In line 4 we compute in ψ the set of all X-states from which there exists no X-path
leading to a qi -state. In line 5 we check whether there exists a pi -state belonging to ψ.
If we find at least one such state then we have discovered a new assertion ϕd . In line 7
we place in Kd the set of states which form the kernel of the newly discovered assertion.
In line 8 we define ϕd to consist of all the states reachable from a pi -state by a ψ-path.
In lines 9 and 10 we define Fd and ∆d to be (pi , qi ) and d, respectively. Finally, in line
11 we remove from X all states satisfying ψ ∧ pi = pd ∧ ϕd = Kd .
The following claim states the correctness of this extraction algorithm.
Claim 2. If the response property p =⇒ 1 q is valid over CDS D, then Algorithm
Extract constructs produces auxiliary constructs which satisfy the premises of rule R E SPONSE .
Proof
Assume that the response property p =⇒ 1 q is valid over CDS D, and we successfully
apply Algorithm Extract constructs. Let us denote by X0 ⊃ X1 ⊃ · · · ⊃ Xf −1 ⊃
Xf = 0 the successive values assumed by variable X in the application of the algorithm. Note that we view the values of the variables appearing in the program as

assertions (represented as BDD’s) as well as the sets of state defined by these assertions.
For example, Xf = 0 means that this assertion is equivalent to false and also that it
denotes the empty set.
Note that X0 denotes the set of pending states. These are the states that can be
reached from an accessible p-state by a q-free path. Observe that the successor of an
X0 -state is either another X0 -state, or is a state satisfying q. Also note that, for each
r = 1, . . . , f, Xr = Xr−1 − Kr = Xr−1 − (pr ∧ ϕr ). We will consider in turn each of
the premises and show that it holds for the extracted constructs.
Premise R1 claims that every (accessible) p-state s satisfies q or pj ∧ ϕj , for some
j ∈ [1..f ]. Indeed, if s does not satisfy q, it belongs to X0 , and since all X0 -states are
eliminated by the algorithm, s must belong to some Kj = (pj ∧ ϕj ).
Premise R2 requires that every successor of an (accessible) state s that satisfies
pi ∧ ϕi must satisfy q or pj ∧ ϕj for some j ∈ [1..f ]. Obviously state s belongs to X0 .
Let sb be any successor of s. As previously observed, sb must satisfy q or belong to X0 .
In the latter case, by an argument similar to the one presented for premise R1, sb must
belong to Kj = (pj ∧ ϕj ), for some j ∈ [1..f ].
Premise R3 considers an (accessible) state sa that satisfies ϕi and its successor sb .
It requires showing that sb satisfies q, or satisfies ϕi and has the same rank as sa , or
satisfies pj ∧ ϕj for some j and has a rank lower than that of sa . Since, in our construction, every state that satisfies ϕr has a rank ∆r = r, this is equivalent to requiring that
sb must satisfy q or ϕi or pj ∧ ϕj for some j < i. The fact that s belongs to ϕi implies
that s can be reached from a pi -state by a Xi−1 -path π such that no state in π initiates
an Xi−1 -path leading to a qi -state. Consider sb the successor of sa . If sb belongs to
Xi−1 , then it satisfies ϕi . Otherwise, sb may satisfy q which is also acceptable by R3.
The remaining option is that sb belongs to X0 − Xi−1 . In this case, sb must have been
removed from X in some earlier stage and, therefore must satisfy pj ∧ ϕj for some
j < i.
Finally, we consider premise R4 which requires showing that every accessible ϕi state s cannot satisfy qi . By the definition of ϕi , s can be reached from a pi -state by a
Xi−1 -path π such that no state in π initiates an Xi−1 -path leading to a qi -state. Since s
itself is a member of π, it cannot satisfy qi .
5.2 The General Case
Next, we consider the general case of systems with potentially infinitely many states.
Here, we can only claim relative completeness. Completeness is relative to assertional
validity. That is, we prove that if the temporal conclusion is valid over a CDS, then
there exist appropriate constructs expressible in an assertional language L such that the
premises of the rule are assertionally valid ,i.e. state valid. Furthermore, as shown in
[26], the language L should contain the expressive power of the µ-calculus over the
underlying domain.
The approach we present here for establishing this relative completeness is based
on a reduction of rule R ESPONSE to the legacy rule F - WELL which, as shown in [15],
is complete relative to assertional validity.
Claim 3. Rule R ESPONSE is complete relative to assertional validity for proving response properties of arbitrary CDS’s.

Proof Sketch
Assume that the response property p =⇒ 1 q is valid over the CDS D. We prove that
there exist constructs satisfying the premises of rule R ESPONSE. The proof is by induction on the number of compassion requirements in CDS D. Let D contain C compassion
requirements. Assume by induction that the theorem is correct for all systems with a
number of compassion requirements that is smaller than C. We invoke the completeness theorem for rule F - WELL which has been established in [15]. This yields constructs
which satisfy the premises of rule F - WELL. In particular, for each i ∈ [1..n], premise
C4 guarantees the validity of the entailment Di |= (ϕi =⇒ 1 (pi ∨ ¬ϕi )), where CDS
Di stands for D\{hpi , qi i}, and is obtained by removing the compassion requirement
hpi , qi i from D.
Since each Di has fewer compassion requirements than C, we apply the completeness claim of rule R ESPONSE assumed by induction. This yields the identification of compassion requirements F1i , . . . , Fni i and their associated helpful assertions
ϕi1 , . . . , ϕini and ranking functions ∆i1 , . . . , ∆ini . We are now ready to identify the constructs necessary for the proof for CDS D.
These consist of the compassion requirements F1 , . . . , Fn associated with the helpful assertions ϕ1 , . . . , ϕn , and the ranking functions (∆1 , 0), . . . , (∆n , 0). The ranking
functions are obtained by lexicographic tuples formed by padding the rankings ∆i on
the right by zeros.
In addition, for each i = 1, . . . , n, we add the compassion requirements F1i , . . . , Fni i
and their associated helpful assertions ϕi ∧ ϕi1 , . . . , ϕi ∧ ϕini and ranking functions
(∆i , ∆i1 ), . . . , (∆i , ∆ini ). Note that the helpful assertions are obtained by conjuncting
the original helpful assertions with ϕi , and the ranking functions are obtaining by a
lexicographic tuple that prefixes the original ranking with ∆i .
The entire treatment in this paper focused on the special progress property of response. However, as shown in [11], once we know how to verify response properties,
we can use the same methodology for proving an arbitrary LTL property. Let ϕ be an
arbitrary LTL formula. In order to verify D |= ϕ, it is sufficient to verify the response
property (D k| T [¬ϕ]) |= (Θ =⇒ 1 0), where T [¬ϕ] is a temporal tester whose computations are all state sequences that satisfy ¬ϕ. This tester is composed in parallel with
D to form a CDS whose computations are all computations of D which violate ϕ.

6 Related Work
There has been much work dealing with deductive verification of liveness properties
under fairness. However, only a small fraction of this work considered compassion and
suggested direct approaches for dealing with this special kind of fairness. In most cases,
fairness has been reduced away, often by coupling it with the temporal property to be
proven. This is the standard treatment of multiple justice requirements, and certainly
that of compassion, in model checking, in particular, the automata theoretic approach
in which the property is described by a non-deterministic Büchi automata. We refer the
reader to [27] and [4] for a description of this reduction method.
The key reference upon which this work improves is [15] which formulated the first
complete rule for liveness under compassion. Much work has been done on the deduc-

tive verification of liveness properties inspired by the STePproject [14]. Representative
contributions of this work is presented in [25] and [3]. However, very little attention
has been paid in this work to the special case of compassion, which has always been
considered a specially difficult case.
Much work has also been invested in methods for automatically finding ranking
functions for proving liveness properties and termination. Representative contributions
are [8], [5], and [2]. Again, the context of this work when addressing systems with
fairness has usually been that of justice.
Another approach to the verification of liveness properties can be based on abstraction. In this approach, we abstract a system into a finite-state system and verify the
property on the abstract system. As pointed out in [10], the usual state abstraction if
often inadequate in order to capture liveness properties. Therefore the paper introduces
the notion of ranking abstraction which abstracts also changes in ranking. This concept
has been further elaborated in [1]. Another solution to the problem has been proposed
by Podelski and Rybalchenko who in [23] extend predicate abstraction ([24]) by employing predicates over program transitions, rather than states. In this way, the abstraction preserves the argument for proving termination (general liveness is handled by a
reduction to fair termination). An elaboration of this work is [7], where Cook, Podelski,
and Rybalchenko present a framework for verifying termination, which formalizes dual
refinements – of transition predicate abstraction and of transition invariants [22]. The
framework as presented in [7] lacks any notion of fairness. Therefore, [20, 6] extend it
to allow for fairness requirements.
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